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Abstract.
We study the non-linear behavior of the baryon acoustic oscillation in the power spectrum and
the correlation function by decomposing the dark matter perturbations into the short- and long-
wavelength modes. The evolution of the dark matter fluctuations can be described as a global coor-
dinate transformation caused by the long-wavelength displacement vector acting on short-wavelength
matter perturbation undergoing non-linear growth. Using this feature, we investigate the well known
cancellation of the high-k solutions in the standard perturbation theory. While the standard pertur-
bation theory naturally satisfies the cancellation of the high-k solutions, some of the recently proposed
improved perturbation theories do not guarantee the cancellation. We show that this cancellation clar-
ifies the success of the standard perturbation theory at the 2-loop order in describing the amplitude
of the non-linear power spectrum even at high-k regions.
We propose an extension of the standard 2-loop level perturbation theory model of the non-
linear power spectrum that more accurately models the non-linear evolution of the baryon acoustic
oscillation than the standard perturbation theory. The model consists of simple and intuitive parts:
the non-linear evolution of the smoothed power spectrum without the baryon acoustic oscillations
and the non-linear evolution of the baryon acoustic oscillations due to the large-scale velocity of dark
matter and due to the gravitational attraction between dark matter particles. Our extended model
predicts the smoothing parameter of the baryon acoustic oscillation peak at z = 0.35 as ∼ 7.7 Mpc/h
and describes the small non-linear shift in the peak position due to the galaxy random motions.
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1 Introduction
Large-scale structure surveys are measuring the galaxy power spectrum and the position of the baryon
acoustic peak with ever increasing precision [1–10]. In the coming decade, we anticipate that new
ground-based surveys such as the Prime Focus Spectrograph and Big BOSS and space-based surveys
such as Euclid and WFIRST will make even more accurate measurements of the galaxy power spec-
trum. Cosmologists will use its shape and the position of the BAO peak to elucidate the nature of
dark energy.
These precision measurements demand precision numerical and theoretical work to describe the
non-linear evolution of dark matter and the galaxy power spectrum. Many different approaches have
been developed over the past decade for understanding this evolution: standard perturbation theory
(SPT; [11–19]), Lagrangian resummation theory (LRT; [20, 21]), renormalized perturbation theory
(RPT; [22–24]), closure theory [25, 26], multi-point propagator method (the Γ-expansion method;
[27–31]), regularized multi-point propagator method (Reg PT; [28, 32, 33]), the Wiener Hermite
expansion method [34], as well as other techniques [35–42]. This plethora of techniques has been both
stimulating and at times confusing. Why do some methods work, while others are less successful at
capturing the non-linear evolution of structure?
In this paper, we explore why the SPT solution succeeds in describing the amplitude of the non-
linear power spectrum at high-k regions, focusing the well known cancellation of its solution at the
high-k limit. We show that the cancellation is related to the fact that the evolution of the dark matter
fluctuations can be described as a global coordinate transformation caused by the long-wavelength
displacement vector acting on short-wavelength matter perturbation undergoing non-linear growth.
While SPT naturally satisfies the cancellation of the high-k solutions, some of the recently proposed
improved perturbation theories, such as RegPT and LRT, do not guarantee the cancellation. Because
of this, we confirm that the SPT solution at the 2-loop order still accurately predicts the non-linear
matter power spectrum.
We suggest an improvement to the SPT 2-loop solution that more accurately models BAO
behavior. This model has two intuitive parts: the smoothed non-linear power spectrum evolution
and the non-linear shift of BAO feature. The non-linear evolution of BAO feature is due to two
effects: the primary effect is due to the large-scale velocity field and the secondary effect is due to the
gravitational correlation effect between dark matter particles.
The N -body simulation results used in this paper were presented in [43]. These results and initial
conditions at zini = 99 were created by the public N -body codes GADGET2 and 2LPT code, respec-
tively [44, 45]. These N -body simulations contain 20483 particles and were computed by combining
the results with different box sizes 2048h−1 Mpc and 4096 h−1Mpc, called L11-N11 and L12-N11.
The cosmological parameters we used were presented by the Wilkinson Microwave Anisotropy Probe
(WMAP) five year release [46] (Ωm = 0.279, ΩΛ = 0.721, Ωb = 0.046, h = 0.701, ns = 0.96 and
σ8 = 0.817). We used the program which is available on Taruya’s homepage to compute the predicted
power spectra 1.
This paper is organized as follows. In sections 2 and 3, we perform the decomposition of the
matter perturbation into the long- and short-wavelength terms in the Eulerian and Lagrangian de-
scriptions, respectively. In section 4, we show the relation between the long- and short-wavelength
decomposition and the well known cancellation in the SPT solution at the high-k limit. Section 5
presents the non-linear power spectrum model including the more accurate information on BAO than
SPT. In section 6, we compute the correlation function using our non-linear power spectrum model
and investigate the non-linear shift of BAO. In section 7, we summarize and discuss our result.
1 http://www-utap.phys.s.u-tokyo.ac.jp/~ataruya/
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2 Standard Perturbation Theory (SPT)
2.1 Review of SPT
In SPT, the matter density field and the divergence of the velocity density field, θ ≡ ∇·v, is expanded
out in a perturbation series in the linear growth function, D, in Fourier space: [11]
δ(z,k) =
∞∑
n=1
Dnδn(k), θ(z,k) = −aHf
∞∑
n=1
Dnθn(k), (2.1)
where z, H , and a, are the redshift, the Hubble parameter and the scale factor. The velocity field
scales as f = d lnD/d lna ≃ Ω0.5.
The nth-order perturbations are given by
δn(k) =
∫
d3p1
(2pi)3
· · ·
d3pn
(2pi)3
(2pi)3δD(k− p[1,n])Fn([p1,pn])δlin(p1) · · · δlin(pn),
θn(k) =
∫
d3p1
(2pi)3
· · ·
d3pn
(2pi)3
(2pi)3δD(k− p[1,n])Gn([p1,pn])δlin(p1) · · · δlin(pn), (2.2)
where Fn(p1, . . . ,pn) ≡ Fn([p1,pn]), p[1,n] ≡ p1 + · · ·+ pn, and δ1(k) ≡ δlin(k).
Under the condition that the amplitudes of m Fourier modes p1, . . . ,pm in Fn and Gn are much
smaller than those of the others,
|pm+1|, . . . , |pn| ≫ |p1|, . . . , |pm| → 0, (2.3)
the nth-order kernel functions are represented by the lower mth-order ones than n [18]:
Fn(p1,pn])
∣∣
p1,...,pm→0
→
(n−m)!
n!
(
p[m+1,n] · p1
p21
)
· · ·
(
p[m+1,n] · pm
p2m
)
Fn−m([pm+1,pn]),
Gn(p1,pn])
∣∣
p1,...,pm→0
→
(n−m)!
n!
(
p[m+1,n] · p1
p21
)
· · ·
(
p[m+1,n] · pm
p2m
)
Gn−m([pm+1,pn]).
(2.4)
2.2 Decomposition into the long- and short-wavelength modes in SPT
What is the physical meaning of the expressions of the kernel functions in eq. (2.4) ? To study this,
we shall decompose the linear matter density perturbation into the long- and short-wavelength modes
as
δlin(k) = δ
(L)
lin (k) + δ
(S)
lin (k), (2.5)
where the linear long-wavelength mode is defined as δlin(k)|k→0 ≡ δ
(L)(k). We substitute eq. (2.5)
into the solution in SPT [eqs. (2.1) and (2.2)]:
δ(z,k) =
∞∑
n=1
Dn
∫
d3p1
(2pi)3
· · ·
∫
d3pn
(2pi)3
(2pi)3δD(k− p[1,n])Fn([p1,pn])
∣∣
p1,...,pn→0
δ
(L)
lin (p1) · · · δ
(L)
lin (pn)
+
∞∑
n=1
Dn
n−1∑
m=0
n!
m!(n−m)!
∫
d3p1
(2pi)3
· · ·
∫
d3pn
(2pi)3
(2pi)3δD(k− p[1,n])Fn([p1,pn])
∣∣
p1,...,pm→0
×δ
(L)
lin (p1) · · · δ
(L)
lin (pm)δ
(S)
lin (pm+1) · · · δ
(S)
lin (pn). (2.6)
The first term in the right-hand side is the contribution from the long-wavelength modes and the sec-
ond term is the combination of the long- and short-wavelength modes. The conditions of p1, . . . , pn →
0 and p1, . . . , pm → 0 are imposed on the kernel functions because of the long-wavelength modes of the
linear matter perturbations. The first term becomes zero for n ≥ 2 due to Fn([p1,pn])|p1,...,pn→0(n ≥
– 3 –
2)→ 0. This implies that no non-linear effect contributes to the evolution of dark matter in the large-
scale limit, an inevitable consequence of mass and momentum conservation. Since we are interested
in the small scales where the non-linear effects contribute to the evolution of the matter perturbation,
from now on we ignore the linear matter perturbation in the first term. Using eq. (2.4), we find
δ(z,k) =
∞∑
n=1
Dn
n−1∑
m=0
1
m!
m∏
i=0
[∫
d3pi
(2pi)3
(
p[m+1,n] · pi
p2i
)
δ
(L)
lin (pi)
]
×
∫
d3pm+1
(2pi)3
· · ·
∫
d3pn
(2pi)3
(2pi)3δD(k− p[1,n])Fn−m([pm+1,pn])δ
(S)
lin (pm+1) · · · δ
(S)
lin (pn)
=
∞∑
n−m=1
Dn−m
∫
d3x−ik·x
∞∑
m=0
1
m!
[
−ip[m+1,n] ·
∫
d3p
(2pi)3
eip·xDΨ
(L)
lin (p)
]m
×
∫
d3pm+1
(2pi)3
· · ·
∫
d3pn
(2pi)3
eip[m+1,n]·xFn−m([pm+1,pn])δ
(S)
lin (pm+1) · · · δ
(S)
lin (pn), (2.7)
where in the second equality we used the summation relation of
∑
∞
n=1
∑n−1
m=0 =
∑
∞
n−m=1
∑
∞
m=0 and
(2pi)3δD(k− p[1,n]) =
∫
d3xe−i(k−p[1,n])·x, and defined the linear displacement vector as
ip
p2
δlin(p) =
vlin(p)
DaH
≡ Ψlin(p). (2.8)
Fourier transforming the displacement vector leads to
δ(z,k) =
∞∑
n=1
Dn
∫
d3xe−ik·x
∫
d3p1
(2pi)3
· · ·
∫
d3pn
(2pi)3
e
ip[1,n]·
(
x−DΨ
(L)
lin (x)
)
Fn([p1,pn])δ
(S)
lin (p1) · · · δ
(S)
lin (pn).
(2.9)
In the real space, this expression becomes
δ(z,x) = δ(S)(z,x−DΨ
(L)
lin (x)), (2.10)
where the short-wavelength matter perturbation in the real space is defined as
δ(S)(z,x) ≡
∞∑
n=1
Dn
∫
d3p1
(2pi)3
· · ·
∫
d3pn
(2pi)3
eip[1,n]·xFn([p1,pn])δ
(S)
lin (p1) · · · δ
(S)
lin (pn). (2.11)
For the extreme case where the long-wavelength displacement vector behaves as a uniform dis-
placement, Ψ
(L)
lin (p) → (2pi)
3δD(p)Ψ¯
(L)
lin where Ψ¯
(L)
lin is constant, we obtain the following simple ex-
pressions in the Fourier and real spaces, respectively:
δ(z,k) = e−ik·DΨ¯
(L)
lin δ(S)(z,k),
δ(z,x) = δ(S)(z,x−DΨ¯
(L)
lin ), (2.12)
where the short-wavelength matter perturbation in the Fourier space is defined as
δ(S)(z,k) ≡
∞∑
n=1
Dn
∫
d3p1
(2pi)3
· · ·
∫
d3pn
(2pi)3
(2pi)3δD(k− p[1,n])Fn([p1,pn])δ
(S)
lin (p1) · · · δ
(S)
lin (pn). (2.13)
The same analysis for θ leads to
θ(z,k) = e−ik·DΨ¯
(L)
lin θ(S)(z,k),
θ(z,x) = θ(S)(z,x−DΨ¯
(L)
lin ), (2.14)
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with
θ(S)(z,k) ≡ −aHf
∞∑
n=1
Dn
∫
d3p1
(2pi)3
· · ·
∫
d3pn
(2pi)3
(2pi)3δD(k− p[1,n])Gn([p1,pn])δ
(S)
lin (p1) · · · δ
(S)
lin (pn).
(2.15)
These equations describe our basic picture of representing the matter density perturbation and
the velocity divergence of dark matter in terms of a coordinate transformation due to the long-
wavelength displacement vector acting on the short wavelength modes. In particular, the extreme long-
wavelength mode of the displacement vector Ψ¯
(L)
lin globally changes the spatial coordinates throughout
the universe without contributing to the non-linear evolution of the matter perturbations. This fact
implies that we need only consider the non-linear contributions from the short-wavelength modes δ
(S)
n
in computing the non-linear evolution of dark matter.
3 Lagrangian Perturbation Theory
Our decomposition of the matter perturbation into the long- and short- wavelength modes [eq. (2.12)]
easily generalizes to the Lagrangian description.
3.1 Review of LPT
In the Lagrangian description, the spatial coordinates are transformed as
x ≡ q+Ψ(z,q), (3.1)
where Ψ is the displacement vector of dark matter. Conservation of mass implies that the density
perturbation can be described as a function of the displacement vector:
δ(z,k) =
∫
d3qe−ik·q
(
e−ik·Ψ(z,q) − 1
)
=
∞∑
n=1
(−i)n
n!
∫
d3k1
(2pi)3
· · ·
d3kn
(2pi)3
(2pi)3δD(k − k[1,n]) [k ·Ψ(z,k1)] · · · [k ·Ψ(z,kn)] . (3.2)
The displacement vector is perturbatively expanded as (see also appendix B)
Ψ(z,k) =
∞∑
n=1
DnΨn(k), (3.3)
where
Ψn(k) =
i
n!
∫
d3p1
(2pi)3
· · ·
d3pn
(2pi)3
(2pi)3δD(k− p[1,n])Ln(p1, . . . ,pn)δlin(p1) · · · δlin(pn). (3.4)
3.2 Decomposition into the long- and short-wavelength modes in LPT
Now, we decompose the displacement vector into the long- and short-wavelength modes as
Ψ(z,q) = Ψ¯(L)(z) +Ψ(S)(z,q). (3.5)
The long-wavelength displacement vector is defined as Ψ¯(L)(z) ≡ Ψ(z,q = 0) whose Fourier-transformation
is (2pi)3δD(k)Ψ¯
(L)(z). This decomposition allow us to express the matter perturbation as
δ(z,k) =
∫
d3qe−ik·q
(
e−ik·Ψ¯
(L)(z) − 1
)
+
∫
d3qe−ik·qe−ik·Ψ¯
(L)(z)
(
e−ik·Ψ
(S)(z,q) − 1
)
= (2pi)3δD(k)
(
e−ik·Ψ¯
(L)(z) − 1
)
+
∫
d3qe−ik·qe−ik·Ψ¯
(L)(z)
(
e−ik·Ψ
(S)(z,q) − 1
)
= e−ik·Ψ¯
(L)(z)δ(S)(z,k), (3.6)
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where the first term in the second line becomes zero, and in the third line the short-wavelength matter
perturbation is defined as
δ(S)(z,k) ≡
∫
d3qe−ik·q
(
e−ik·Ψ
(S)(z,q) − 1
)
. (3.7)
In the real space, we have
δ(z,x) = δ(S)(z,x− Ψ¯(L)(z))
= δ(S)(z,q+Ψ(S)(z,q)). (3.8)
This is the first main result of this paper. This result includes the non-linear long-wavelength displace-
ment vector and is clearly a generalized version of eq. (2.12). Note that we do not need any dynamics
to derive this expression as long as the matter perturbation is represented by eq. (3.2) which results
from the law of the conservation of mass.
4 Power spectrum
Interestingly, the expression for the matter perturbation in eq. (3.6) naturally explains the high-k
solutions in SPT. The definitions of the correlation terms at 1- and 2-loop level in SPT are summarized
in appendix A.
4.1 Cancellation of high-k solutions in SPT
The high-k solutions in SPT at the 1-loop order is given by
P22,high-k(k) = 2× 2
∫
d3k1
(2pi)3
∫
d3k2
(2pi)3
(2pi)3δD(k− k1 − k2)
[
F2(k1,k2)
∣∣
k1→0
]2
|Plin(k1)Plin(k2),
→ 2× 2
∫
d3k1
(2pi)3
∫
d3k2
(2pi)3
(2pi)3δD(k− k2)
[
1
2!
k1 · k2
k21
]2
Plin(k1)Plin(k2),
=
(
k2σ2v,lin
2
)
Plin(k),
P13,high-k(k) = 6Plin(k)
∫
d3p
(2pi)3
F3(k,p,−p)
∣∣
p→0
Plin(p),
→ 6Plin(k)
∫
d3p
(2pi)3
[
−
1
3!
(
k · p
p2
)2]
Plin(p),
= −
(
k2σ2v,lin
2
)
Plin(k), (4.1)
where we used Eq. (2.4) and
σ2v,lin =
1
3pi2
∫
dpPlin(p). (4.2)
These high-k solutions are also obtained using the decomposition of the short- and long wavelength
parts in Eq. (3.6). From eq. (3.6), the second- and third-order matter perturbations in SPT are
described as
δ2(k) = δ
(S)
2 (k) +
(
−ik · Ψ¯
(L)
lin
)
δ
(S)
lin (k),
δ3(k) = δ
(S)
3 (k) +
(
−ik · Ψ¯
(L)
lin
)
δ
(S)
2 (k) +
(
−ik · Ψ¯
(L)
2
)
δ
(S)
lin (k) +
1
2
(
−ik · Ψ¯
(L)
lin
)2
δ
(S)
lin (k). (4.3)
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Here, the high-k solutions come from the terms including the decorrelation of the short- and long-
wavelength parts:
〈δ2(k)δ2(k
′)〉|high-k =
〈(
−ik · Ψ¯
(L)
lin
)(
−ik′ · Ψ¯
(L)
lin
)〉〈
δ
(S)
lin (k)δ
(S)
lin (k
′)
〉
= (2pi)3δD(k+ k
′)
[(
k2σ2v,lin
2
)
Plin(k)
]
,
2〈δ3(k)δlin(k
′)〉|high-k = 2
〈(
−ik · Ψ¯
(L)
lin
)2
2!
〉〈
δ
(S)
lin (k)δ
(S)
lin (k)
〉
= (2pi)3δD(k+ k
′)
[
−
(
k2σ2v,lin
2
)
Plin(k)
]
, (4.4)
where since we are interested in the small scale regions where the non-linear effects cannot be ignored,
we can regard that the linear power spectrum is obtained by δ
(S)
lin .
Similarly to the derivation used in eq. (4.4), the high-k solutions at the 2-loop order in SPT
[eq. (A.3)] are given by
P33a,high-k(k) = −
1
2
(
k2σ2v,lin
2
)
P13(k)−
1
4
(
k2σ2v,lin
2
)2
Plin(k),
P33b,high-k(k) =
(
k2σ2v,lin
2
)
P22(k)−
1
2
(
k2σ2v,lin
2
)2
Plin(k) +
(
k2σ2v,22
2
)
Plin(k),
P24,high-k(k) = −
(
k2σ2v,lin
2
)
P22(k) +
(
k2σ2v,lin
2
)
P13(k) +
(
k2σ2v,lin
2
)2
Plin(k) +
(
k2σ2v,13
2
)
Plin(k),
P15,high-k(k) = −
1
2
(
k2σ2v,lin
2
)
P13(k)−
1
4
(
k2σ2v,lin
2
)2
Plin(k)−
(
k2σ2v,1-loop
2
)
Plin(k), (4.5)
where
σ2v,22 ≡
3
392 · 32pi4
∫
dp1
p31
dp2
p32
K(p1, p2)Plin(p1)Plin(p2),
σ2v,13 ≡
5
126 · 32pi4
∫
dp1
p31
dp2
p32
K(p1, p2)Plin(p1)Plin(p2),
σ2v,1-loop ≡ σ
2
v,22 + σ
2
v,13,
=
167
3528 · 32pi4
∫
dp1
p31
dp2
p32
K(p1, p2)Plin(p1)Plin(p2), (4.6)
with
K(p1, p2) =
(
p21 − p
2
2
)4
ln
(
(p1 + p2)
2
(p1 − p2)2
)
−
4
3
p1p2(3p
6
1 − 11p
2
2p
4
1 − 11p
2
1p
4
2 + 3p
6
2). (4.7)
In [21], the expressions of σ2v,22 and σ
2
v,13 are represented as σ
2
v,22 = A22/(3pi
2) and σ2v,13 = 2A13/(3pi
2),
respectively (for details see appendix B). However, the expression of the 1-loop velocity dispersion
σ2v,1-loop in eq. (4.6) is different from eq. (41) in [47] which is shown using the eikonal approximation.
Using the expression of the kernel functions in eq. (2.4), we obtain the same expressions as eq. (4.5)
except for lack of the terms including σ2v,13 and σ
2
v,22 (see [18]). This is the result that the expression
in eq. (3.6) is more general than that in eq. (2.12).
Clearly, we find the cancellation of the high-k solutions in SPT in eqs. (4.1) and (4.5):
P1-loop(k)|high−k = P13,high-k(k) + P22,high-k(k) = 0,
P2-loop(k)|high−k = P33a,high-k(k) + P33b,high-k(k) + P24,high-k(k) + P15,high-k(k) = 0. (4.8)
– 7 –
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Figure 1. The exact solutions of P22 and P13 [eq. (A.2)] and the high-k solutions without the short-wavelength
modes P22,high−k and P13,high−k [eq. (4.1)] are plotted as the red and black solid lines, respectively. The black
dashed line denotes the no-wiggle high-k solution for P22 [eq. (C.1)].
Figures 1 and 2 show that the high-k solutions have considerable contributions in each solution of SPT
even at low-k, though they completely cancel out each other. Thus, the cancellation of the high-k
solutions in SPT is very important to accurately compute the non-linear power spectrum even at
low-k, and we can understand their origin from the decomposition of the matter density perturbation
into the short- and long-wavelength parts.
Here, we define the following quantities which satisfy the cancellation at the high-k limit:
P
(S)
22 (k) ≡ P22(k)− P22,high-k(k),
P
(S)
13 (k) ≡ P13(k)− P13,high-k(k), (4.9)
and
P
(S)
33a(k) ≡ P33a(k)− P33a,high-k(k),
P
(S)
33b(k) ≡ P33b(k)− P33b,high-k(k),
P
(S)
24 (k) ≡ P24(k)− P24,high-k(k),
P
(S)
15 (k) ≡ P15(k)− P15,high-k(k). (4.10)
These quantities yield from the correlation between the long-wavelength displacement vector Ψ¯(L)
and the short-wavelength matter density perturbation δ(S). In this paper, we call these quantities the
short-wavelength parts of the power spectrum. Then, the 1- and 2-loop solutions in SPT are
P1-loop(k) = P13(k) + P22(k) = P
(S)
13 (k) + P
(S)
22 (k) = P
(S)
1-loop(k),
P2-loop(k) = P33a(k) + P33b(k) + P24(k) + P15(k) = P
(S)
33a(k) + P
(S)
33b(k) + P
(S)
24 (k) + P
(S)
15 (k) = P
(S)
2-loop(k).
(4.11)
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Figure 2. The exact solutions for P15, P24, P33a and P33b [eq. (A.3)], their high-k solutions [eq. (4.5)], and
the no-wiggle high-k solutions for P24 and P33b [eq. (C.3)] are plotted as the red solid, black solid, and black
dashed lines, respectively. The fractional differences defined as Diff.[%] ≡ (Pexact−Phigh-k)∗100/P
nw
lin are also
plotted as the black solid lines, where the no-wiggle linear power spectrum P nwlin is presented in [48]. For P24
and P33b, the fractional differences between the exact solutions and the no-wiggle high-k solutions are plotted
as the black dashed lines.
The relation between between the original power spectrum and the short-wavelength power spectrum
P (S), such as eqs. (4.9) and (4.10), are generalized as follows
P (z, k) = exp
(
−
Σ2v(z, k)
2
)
exp
(
Σ2v(z, k)
2
)[
D2Plin(k) +
∞∑
n=1
D2n+2P
(S)
n-loop(k)
]
= P (S)(z, k),(4.12)
where Σ2v is defined as
Σ2v(z, k)
2
≡ 2
∞∑
n=1
(−1)n−1
(2n)!
〈[
k · Ψ¯(L)(z)
]2n〉
c
, (4.13)
and 〈· · · 〉c denotes the cumulant. The definition of Σ
2
v/2 coincides with eq. (9) in [20]. At the 1-loop
order, Σ2v is proportional to k
2 and becomes
Σ2v(z, k) ≡ k
2Σ¯2v(z) = k
2D2σ2v,lin + k
2D4σ2v,1-loop. (4.14)
4.2 Comparison with previous works
4.2.1 RegPT
Before we proceed, we shall briefly review the multi-point propagator method (Γ-expansion method)
[27, 28, 32, 34]. In the Γ-expansion method, the full non-linear power spectrum is described as
P (z, k) =
∞∑
r=1
P
(r)
Γ (z, k), (4.15)
– 9 –
where P
(r)
Γ is the rth-order contribution to the power spectrum in the Γ-expansion, defined as
P
(r)
Γ (z, k) ≡ r!
∫
d3k1
(2pi)3
· · ·
∫
d3kr
(2pi)3
(2pi)3δD(k− k[1,r])
[
Γ(r)(z, [k1,kr])
]2
Plin(k1) · · ·Plin(kr). (4.16)
The relation between the coefficient of the Γ-expansion and the kernel function in SPT is given by
Γ(r)(z, [k1,kr]) ≡ D
rΓ
(r)
tree([k1,kr]) +
∞∑
n=1
Dr+2nΓ
(r)
n-loop([k1,kr]), (4.17)
where
Γ
(r)
tree([k1,kr]) ≡ Fr([k1,kr]),
Γ
(r)
n-loop([k1,kr])
≡
1
r!
(r + 2n)!
2nn!
∫
d3p1
(2pi)3
· · ·
∫
d3pn
(2pi)3
Fr+2n([k1,kr],p1,−p1, . . . ,pn,−pn)Plin(p1) · · ·Plin(pn).
(4.18)
At the 2-loop order in SPT, the loop correction terms are classified by the Γ-expansion as
P
(1)
Γ (z, k) =
[
Γ(1)(z, k)
]2
Plin(k) = D
2Plin(k) +D
4P13(k) +D
6P33a(k) +D
6P15(k),
P
(2)
Γ (z, k) = D
4P22(k) +D
6P24(k),
P
(3)
Γ (z, k) = D
6P33b(k). (4.19)
Note that Γ(1) is defined as
〈δ(z,k)δlin(z = 0,k
′)〉 ≡ (2pi)3δD(k+ k
′)Γ(1)(z, k)Plin(k), (4.20)
and called the “propagator” in RPT [22–24] and RegPT [27, 28, 32, 33].
In our previous work [18], we gave an alternative explanation for RegPT and proposed its ex-
tended version [eq. (40) in [18]] using the expression of the kernel functions in eq. (2.4). Here, we
review RegPT in our context focusing the cancellation of the high-k solutions in SPT. For this purpose,
we truncate the short-wavelength correction terms in eq. (4.12) as follows
P (z, k) = exp
(
−
k2D2σ2v,lin
2
)
∞∑
n=0
1
n!
(
k2D2σ2v,lin
2
)n
×
[
D2Plin(k) +D
4
(
P
(S)
22 (k) + P
(S)
13 (k)
)
+D6
(
P
(S)
33a(k) + P
(S)
33b (k) + P
(S)
24 (k) + P
(S)
15 (k)
)
+D8
(
P
(S)
44a (k) +
P
(S)
13 (k)P
(S)
15 (k)
2Plin(k)
)
+D10
[
P
(S)
15 (k)
]2
4Plin(k)
]
, (4.21)
where we ignored the 1-loop velocity dispersion Σ¯2v(z) = D
2σ2v,lin and considered the exact 1- and
2-loop corrections as well as the partial 3-loop and 4-loop corrections for the short-wavelength terms:
namely D4P1-loop, D
6P2-loop, D
8
(
P
(S)
44a + P
(S)
13 P
(S)
15 /(2Plin)
)
, and D10(P
(S)
15 )
2/(4Plin), respectively.
P
(S)
44a [eq. (A.4)], which satisfies the cancellation at the high-k limit, is given by
P44a(k) = P
(S)
44a(k)−
1
2
(
k2σ2v,lin
2
)
P24(k)−
1
4
(
k2σ2v,lin
2
)2
P22(k) +
(
k2σ2v,lin
2
)[
P13(k)
2Plin(k)
+
k2σ2v,lin
4
]2
Plin(k).
(4.22)
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Then, we can rewrite eq. (4.21) as
P (z, k) =
∞∑
r=1
P
(r)
Γ (z, k)
= exp
(
−
k2D2σ2v,lin
2
)
∞∑
r=1
1
(r − 1)!
(
k2D2σ2v,lin
2
)r−1
D2Plin(k)
[
1 +D2
P
(S)
13 (k)
2Plin(k)
+D4
P
(S)
15 (k)
2Plin(k)
]2
+exp
(
−
k2D2σ2v,lin
2
)
∞∑
r=2
1
(r − 2)!
(
k2D2σ2v,lin
2
)r−2 [
D4P
(S)
22 (k) +D
6P
(S)
24 (k) +D
8P
(S)
44a (k)
]
+exp
(
−
k2D2σ2v,lin
2
)
∞∑
r=3
1
(r − 3)!
(
k2D2σ2v,lin
2
)r−3 [
D6P
(S)
33b (k)
]
, (4.23)
This expression coincides with the result of the extended Reg PT [ eq. (40) in [18] ]. The integer
r corresponds to the order of the Γ-expansion. When we truncate the order of the Γ-expansion at
the third order, we reproduce the original Reg PT solution at the 2-loop order (for details, see [18]).
Equations (4.21) and (4.23) lead to
P (z, k) = D2Plin(k) +D
4P1-loop(k) +D
6P2-loop +D
8
(
P
(S)
44a (k) +
P
(S)
13 (k)P
(S)
15 (k)
2Plin(k)
)
+D10
[
P
(S)
15 (k)
]2
4Plin(k)
.
(4.24)
This expression is coincident with eq. (43) in [18].
Our previous work [18] pointed out that the RegPT solution behaves as a part of the SPT
solution and its predicted power spectrum amplitude tend to be smaller than SPT (see figure 2
in [18]). Now, we can understand this reason. In RegPT, the higher loop correction terms than the
2-loop order in SPT which satisfy the cancellation at the high-k limit are only three terms: D4P1-loop,
D6P2-loop, D
8
(
P
(S)
44a + P
(S)
13 P
(S)
15 /(2Plin)
)
, and D10(P
(S)
15 )
2/(4Plin). However, their correction terms
hardly contribute to the power spectrum at large scales (see figure 1 in [18]). On the other hand,
at small scales where they can not be ignored, the exponential damping factor becomes dominant.
Therefore, the amplitude of the solution in RegPT always tends to be smaller than that in SPT.
The propagator is useful for analyzing BAO, described by summing up all terms proportional to
the linear power spectrum:
〈δ(z,k)δlin(z = 0,k
′)〉 = (2pi)3δD(k+ k
′)
[
1 +
∞∑
n=1
D2n
P1(2n+1)(k)
2Plin(k)
]
DPlin(k)
= (2pi)3δD(k+ k
′) exp
(
−
Σ2v(z, k)
4
)1 + ∞∑
n=1
D2n
P
(S)
1(2n+1)(k)
2Plin(k)

DPlin(k),
(4.25)
Thus, we obtain the exponential damping behavior in the propagator by defining the short-wavelength
term. In other words, the above relation is the definition of P
(S)
1(2n+1). This exponential damping
behavior of the propagator is well known (for example, see [47]). Actually, when we truncate the
long- and short-wavelength contributions up to the 2-loop level, we have the similar expression to
eq. (43) in [47].
Γ(1)(z, k) = exp
(
−
k2D2σ2v,lin + k
2D4σ2v,1-loop
4
)[
1 +D2
P
(S)
13 (k)
2Plin(k)
+D4
P
(S)
15 (k)
2Plin(k)
]
D. (4.26)
Again, note that our definition of the 1-loop velocity dispersion [eq. (4.6)] is different from eq. (41) in
[47].
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Figure 3. The theoretical predictions at the 2-loop level (SPT [eq. (4.11)], modified SPT [eq. (5.2)], Reg
PT [eq. (4.23)], LRT [eq. (4.28)]) and the N-body simulation results are plotted as the red solid, red dashed,
orange solid, blue solid lines, and the green symbols at z = 1.0 and z = 0.35.
4.2.2 Comparison with LRT
The original LRT was proposed as a theory to describe perturbative regime before shell-crossing, and
as mentioned in [cite], LRT was not designed for the high-k regime where exponential damping factor
is important. Similarly to RegPT, LRT has non-linear correction terms that do not guarantee the
cancellation of the high-k solutions in SPT. In particular, their terms that correspond to 3- and more
loop orders in SPT do not satisfy the cancellation. The regime where LRT is applicable is the low-k
regime where this cancellation is not important.
Equation (4.12) coincides with the generalized formalism of LRT (see eq. (2.5) in [21]):
P (z, k) = exp
(
−
Σ2v(z, k)
2
)
exp
(
Σ2v(z, k)
2
)[
D2Plin(k) +
∞∑
n=1
D2n+2P
(S)
n-loop(k)
]
= exp
(
−
Σ2v(z, k)
2
)
exp
(
Σ2v(z, k)
2
)[
D2Plin(k) +
∞∑
n=1
D2n+2Pn-loop(k)
]
, (4.27)
where we used Pn-loop = P
(S)
n-loop.
To derive the LRT solution with the 2-loop corrections, we truncate the short-wavelength cor-
rection terms at the 2-loop level and the velocity dispersion at the 1-loop level, and partially expand
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the exponential factor exp
(
k2Σ¯2v/2
)
in eq. (4.27) as follows:
PLRT,2loop(z, k) = exp
(
−
k2D2σ2v,lin + k
2D4σ2v,1-loop
2
)[
D2Plin(k) +D
4P1-loop(k) +D
6P2-loop(k)
+

1 + k2D2σ2v,lin + k2D4σ2v,1-loop
2
+
1
2!
(
k2D2σ2v,lin
2
)2D2Plin(k)
+
(
1 +
k2D2σ2v,lin
2
)
D4P1-loop(k)
]
. (4.28)
As shown in figure 3, RegPT and LRT tend to predict the power spectrum amplitudes that are
smaller than SPT (see also figure 2 in [18]) because of their exponential damping behavior.
5 Accurate BAO behavior in the power spectrum
So far, we have showed that we need to consider the short-wavelength modes to get the accurate
information on the non-linear evolution of dark matter, but not the global coordinate transformation
effect from the long-wavelength displacement vector. However, it is impossible to exactly compute
higher order corrections of the short-wavelength modes. In this section we propose a model for
calculating the non-linear power spectrum including the non-linear shift of BAO in higher order
short-wavelength terms than the 2-loop level.
To this end, let us emphasize that the first coefficient of the Γ-expansion P
(1)
Γ =
[
Γ(1)
]2
Plin
includes the oscillation behavior due to the linear power spectrum, while by definition the other terms
P
(r)
Γ (r ≥ 2) have no oscillatory behavior because they are computed from the integration of the linear
power spectrum and their oscillation behavior in the linear power spectrum is smoothed [eq. (4.15)]
(also see eq. (9) in [24]). Furthermore, based on the Γ-expansion the full non-linear power spectrum
is generally represented as follows:
P (z, k) =
[
Γ(1)(z, k)
]2
P nwlin (k) +
∞∑
n=2
P
(n)
Γ (z, k) +
[
Γ(1)(z, k)
]2
[Plin(k)− P
nw
lin (k)] , (5.1)
where the no-wiggle linear power spectrum P nwlin is presented in [48]. This expression is exact and
intuitive. While the first and second terms represent the amplitude of the non-linear power spectrum
without the oscillation behavior, the third term only contains the non-linear evolution of BAO.
Remind that we have derived the correction terms in the Γ-expansion in eq. (4.23) for all orders.
However, P
(n)
Γ (n ≥ 2) as calculated in eq. (4.23) has the oscillatory behavior due to the linear power
spectrum. This is because we have truncated the short-wavelength mode at a finite order (the 2-
loop level plus some extra terms). Thus, the lack of the information on higher than 2-loop order
short-wavelength terms causes the incorrect BAO behavior in the power spectrum.
Therefore, we propose a simple prescription to modify the incorrect BAO behavior. We just
replace the linear power spectrum in P
(n)
Γ (n ≥ 2) calculated in eq. (4.23) with the no-wiggle linear
power spectrum (see also appendix C). Through this replacement, we can get more accurate oscillation
behavior in the power spectrum, even though the amplitude of the power spectrum is not corrected.
Eventually, we get the following expression:
P (z, k) = D2P nwlin (k) +D
4P nw1-loop(k) +D
6P nw2-loop(k)
+ exp
(
−
k2Σ¯2v(z)
2
)[
1 +D2
P
(S)
13 (k)
2Plin(k)
+D4
P
(S)
15 (k)
2Plin(k)
]2
D2 [Plin(k)− P
nw
lin (k)] , (5.2)
– 13 –
-0.5
 0
 0.5
 1
 1.5
 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4
P/
P n
w
k [h/Mpc]
z = 0
SPT: 1-loop
SPT: approx 1-loop
SPT: 2-loop
SPT: approx 2-loop
SPT: 1-loop + 2-loop
SPT: approx 1-loop + 2-loop
Figure 4. The exact an approximated 1- and 2-loop correction terms P1-loo, P2-loop, and P1-loop + P2-loop
are plotted as the orange, blue, and red solid (dashed) lines.
where the no-wiggle 1- and 2-loop corrections are defined as
P nw1-loop(k) ≡
P nwlin (k)
Plin(k)
P13(k) + P22(k),
P nw2-loop(k) ≡
P nwlin (k)
Plin(k)
[P33a(k) + P15(k)] + P24(k) + P33b(k), (5.3)
and we considered the non-linear velocity dispersion at up to the 1-loop level: Σ¯2v(z) = D
2σ2v,lin +
D4σ2v,1-loop as given in eq. (4.14). This is the second main result of this paper. The first line in
eq. (5.2) corresponds to the first and second terms in eq. (5.1) which represent the amplitude of the
power spectrum without the BAO behavior. On the other hand, the second line term in eq. (5.2)
corresponds to the third term in eq. (5.1) which only has the non-linear BAO behavior with its
amplitude centered around zero. Note that implicitly in the front of the first line in eq. (5.2) there is
the translational symmetry factor exp
(
−k2Σ¯2v/2
)
exp
(
k2Σ¯2v/2
)
= 1. When we expand the exponential
factor exp
(
−k2Σ¯2v/2
)
in the second line, we get the usual SPT 2-loop solution as well as higher order
correction terms. Thus, this model has the more effective information of BAO than the usual SPT
2-loop solution, and approximately includes higher loop short-wavelength modes than the 2-loop level:
P
(S)
n-loop(n ≥ 3). However, as shown in figure 3, our modified SPT solution [eq. (5.2)] is hardly different
from the usual SPT 2-loop solution at BAO scales. This means that the additional correction terms
to the BAO behavior beyond the SPT 2-loop solution [eq. (5.2)] are small enough to be ignored at
least at z = 1.0 and z = 0.35.
To test the validity of the above expression [eq. (5.2)], we apply to the same approximation used
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in the derivation of eq. (5.2) to the linear power spectrum:
P (z, k) = exp
(
−
k2Σ¯2v(z)
2
)
exp
(
k2Σ¯2v(z)
2
)
D2Plin(k)
= exp
(
−
k2Σ¯2v(z)
2
)
D2Plin(k) + exp
(
−
k2Σ¯2v(z)
2
)(
exp
(
k2Σ¯2v(z)
2
)
− 1
)
D2Plin(k)
→ exp
(
−
k2Σ¯2v(z)
2
)
D2Plin(k) + exp
(
−
k2Σ¯2v(z)
2
)(
exp
(
k2Σ¯2v(z)
2
)
− 1
)
D2P nwlin (k)
= D2P nwlin (k) + exp
(
−
k2Σ¯2v(z)
2
)
D2 (Plin(k)− P
nw
lin (k)) , (5.4)
where in the third line we replaced the linear power spectrum of the second term with the no-wiggle
linear power spectrum. This model has no correction to the amplitude of the power spectrum and
its amplitude is almost the same as the linear power spectrum. However, this model includes the
correction terms to the BAO behavior. From eq. (5.4), the approximated 1- and 2-loop correction
terms are described as (see also appendix C)
P1-loop(k) → −
(
k2σ2v,lin
2
)
(Plin(k)− P
nw
lin (k)) ,
P2-loop(k) →

1
2
(
k2σ2v,lin
2
)2
−
(
k2σ2v,1-loop
2
)
 (Plin(k)− P nwlin (k)) . (5.5)
In figure 4, we find that the exact solutions of P1-loop and P2-loop have a different phase of BAO
and tend to cancel out each other, yielding the somewhat smoothed correction term [red solid line
in figure 4]. On the other hand, the approximated 1- and 2-loop solutions [eq. (5.5)] explain this
cancellation of the oscillation behavior [red dashed line in figure 4], even though their amplitudes are
centered around zero. Thus, the modified linear power spectrum indeed has effective corrections to
the non-linear BAO behavior. This fact guarantees that our result [eq. (5.2)] includes higher order
corrections than the 2-loop level and corrects the non-linear evolution of BAO compared to the usual
SPT 2-loop solution [eq. (4.11)].
In figure 5, we compare the various predictions for the non-linear evolution of BAO: linear, 1-
loop, 2-loop, the modified linear model [eq. (5.4)], and our new result [eq. 5.2]. The linear, 1-loop,
and 2-loop BAO behaviors are defined as
PBAO,lin(z, k) ≡ D
2 (Plin(k)− P
nw
lin (k)) ,
PBAO,1-loop(z, k) ≡ D
2 (Plin(k)− P
nw
lin (k)) +D
4
(
P1-loop(k)− P
nw
1-loop(k)
)
= PBAO,lin(z, k) +D
4 (P13(k)− P
nw
13 (k)) ,
PBAO,2-loop(z, k) ≡ D
2 (Plin(k)− P
nw
lin (k)) +D
4
(
P1-loop(k)− P
nw
1-loop(k)
)
+D6
(
P2-loop(k)− P
nw
2-loop(k)
)
= PBAO,1-loop(z, k) +D
6 (P15(k)− P
nw
15 (k) + P33a(k)− P
nw
33a(k)) . (5.6)
At z = 0 [right panel in figure 5], we find that the SPT 1- and 2-loop solutions have the different BAO
behavior from our result, especially at high-k. In particular, the SPT 1-loop solution has a different
phase of BAO. At z = 2.0, these differences are suppressed.
Let us consider the physical meaning of our result [eq. (5.2)]. The exponential factor exp
(
−k2Σ¯2v(z)/2
)
in eq. (5.2) comes from the large-scale velocity field (the long-wavelength displacement vector Ψ¯(L)).
This factor causes the acoustic feature to be broader, reducing the amplitude of the acoustic oscillation
(see blue line in figure 5). On the other hand, the factor
[
1 +D2
P
(S)
13 (k)
2Plin(k)
+D4
P
(S)
15 (k)
2Plin(k)
]2
(5.7)
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Figure 5. The various predictions of the evolution of BAO are plotted. The linear, 1-loop, and 2-loop
corrections to BAO given in eq. (5.6) are plotted as the black dashed, orange solid, purple solid lines. The
BAO behavior in the modified linear model (the second term in eq. (5.4)) and our result (the second line in
eq. (5.2)) are plotted by the blue and red solid lines, respectively.
is caused by the gravitational effect between dark matter particles. The gravitational effect restricts
the movement of dark matter particles, preventing the acoustic feature to be spread out by the large-
scale velocity of dark matter. As a result, the reduced amplitude of the BAO peak by the large-scale
velocity slightly increases (see red line in figure 5).
One might wonder why our model [eq. (5.2)] has the exponential damping factor computed by the
long-wavelength displacement vector. This is because of the short-wavelength matter perturbations,
but not due to the global coordinate transformation. The long-wavelength displacement vector can
affect the matter power spectrum through the short-wavelength matter perturbation.
We conclude this section by discussing the smoothed linear power spectrum without the BAO
feature. Although the no-wiggle linear power spectrum P nwlin presented in [48] has been widely used, its
amplitude does not exactly coincide with the linear power spectrum, especially in the high-k region.
Therefore, our model [eq. (5.2)] largely differs from the usual SPT 2-loop solution [eq. (4.11)] at
small sales. However, as long as we only focus on BAO scales (k ≤ 0.4h/Mpc), the difference is not
important, at least at z = 0.35 [figure 3].
6 Correlation function
Usually, it is not possible to compute the correlation function in models based on SPT because of
the divergence of the solutions at high-k (see figure. 4). However, truncating the Γ-expansion (the
LRT expansion) at a finite order leads to exponentially suppressed power spectrum and enables a
computation of the correlation function. In this paper, we also adopt this prescription. Simply, we
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use the following expression:
P (z, k) = exp
(
−
k2Σ¯2v(z)
2
) 6∑
n=0
1
n!
(
k2Σ¯2v(z)
2
)n [
D2P nwlin (k) +D
4P nw1-loop(k) +D
6P nw2-loop(k)
]
+exp
(
−
k2Σ¯2v(z)
2
)[
1 +D2
P
(S)
13 (k)
2Plin(k)
+D4
P
(S)
15 (k)
2Plin(k)
]2 [
D2Plin(k)−D
2P nwlin (k)
]
. (6.1)
In the right panel of figure 6, the correlation functions computed by the above model indeed reproduce
the N -body simulations at z = 1.0 and 0.5. There, we plot r2ξ(r) which is proportional to the number
of excess pairs in an annulus of width dr centered at r.
To clarify the physical meaning of the non-linear shift of BAO, we also plot the smoothed
correlation functions without BAO and the BAO peak functions, defined as (see the left panel in
figure 6)
ξlin(z, r) = ξ
nw
lin (z, r) + ξ
BAO
lin (z, r),
ξv(z, r) = ξ
nw
lin (z, r) + ξ
BAO
v (z, r),
ξnl(z, r) = ξ
nw
nl (z, r) + ξ
BAO
nl (z, r),
(6.2)
where
ξnwlin (z, r) ≡
∫
dk
2pi2
k2j0(kr)D
2P nwlin (k),
ξnwnl (z, r) ≡
∫
dk
2pi2
k2j0(kr) exp
(
−
k2Σ¯2v(z)
2
) 6∑
n=0
1
n!
(
k2Σ¯2v(z)
2
)n [
D2P nwlin (k) +D
4P nw1-loop(k) +D
6P nw2-loop(k)
]
,
(6.3)
and
ξBAOlin (z, r) ≡
∫
dk
2pi2
k2j0(kr)D
2 [Plin(k)− P
nw
lin (k)] ,
ξBAOv (z, r) ≡
∫
dk
2pi2
k2j0(kr) exp
(
−
k2Σ¯2v(z)
2
)
D2 [Plin(k)− P
nw
lin (k)]
=
∫
∞
0
dsI(z, r, s)ξBAOlin (z, s),
ξBAOnl (z, r) ≡
∫
dk
2pi2
k2j0(kr) exp
(
−
k2Σ¯2v(z)
2
)[
1 +D2
P
(S)
13 (k)
2Plin(k)
+D4
P
(S)
15 (k)
2Plin(k)
]2
D2 [Plin(k)− P
nw
lin (k)] ,
(6.4)
where j0(x) ≡ sin(x)/x, and the function I is
I(z, r, s) ≡
1√
2piΣ¯2v(z)
s
r
{
exp
[
−
(s− r)2
2Σ¯2v(z)
]
− exp
[
−
(s+ r)2
2Σ¯2v(z)
]}
(6.5)
and satisfies
∫
∞
0
dsI(z, r, s) = 1.
From eqs. (6.3), we find that the non-linear evolution of the amplitude of the matter perturbation
hardly affects the correlation function around the BAO peak even at z = 0 (see the red and black
dashed lines in figure 6). This is because the scales around the BAO peak are too large to neglect the
non-linear evolution of the amplitude of the matter perturbation. On the other hand, the dominant
contribution to the non-linear shift of BAO comes from ξBAO in eqs. (6.4), which is computed by the
second line in eq. (5.2) and the second term in eq. (5.4). As we expected and showed in the case of the
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Figure 6. In the left panel, the smoothed correlation functions without the BAO peak r2ξnwlin and r
2ξnwnl
defined in eqs. (6.3) and the BAO peak functions r2ξBAOlin , r
2ξBAOv , and r
2ξBAOnl are plotted by the black
dashed, red dashed, black solid, blue solid, and red solid lines, respectively at z = 0. In the right panel, the
predicted correlation functions computed by the linear power spectrum and our model [eq. (6.1)], and the
N-body simulations are plotted by the black solid lines, red solid lines, and green symboles at z = 1.0 and
0.5.
power spectrum, while the large-scale velocity field (the factor exp
(
−k2Σ¯2v/2
)
) causes the BAO peak
to be broader, the gravitational effect between dark matter particles (the factor in eq. (5.7)) prevents
the movement of dark matter particles, slightly increasing the spread BAO peak (see the blue and red
solid lines in the left panel of figure 6). Thus, the gravitational effect between dark matter particles
is a non-neglegible effect when predicting the non-linear correlation function.
We want to mention that the modified linear model [eq. (5.4)] we presented has the same form
as the template model to construct the fitting formula of the non-linear power spectrum in [49–53]
2. The authors in [51] fixed the smoothing parameter as Σ¯v = 8 Mpc/h before the reconstruction
at z = 0.35. Now, we can predict the value of Σ¯v from eq. (4.14). Figure 7 shows the predicted
smoothing parameters in the range of 5.0 ≤ z ≤ 0. At z = 0.35, we have Σ¯v(z = 0.35) = 7.2 Mpc/h
and Σ¯v(z = 0.35) = 7.7 Mpc/h at the linear and 1-loop level, respectively. Thus, we have the correct
smoothing parameter by including the 1-loop level velocity dispersion σ1-loop. Furthermore, using our
model [eq. (5.2)] we could improve the fitting formula of the non-linear power spectrum in [51]. This
work is left for a future study.
6.1 BAO peak shift
We consider the shift of the BAO peak position caused by the non-linear evolution. In Figure 8, we
showed the BAO peak positions of ξlin (black solid line), ξ
BAO
lin (black dashed line), ξ
BAO
v (red dashed
line), ξBAOnl (red dashed line), and ξnl (red solid line) in the range of redshifts 5.0 ≤ z ≤ 0. Their peak
positions are numerically computed by the Newton method.
2 See eq. (14) in [51], where the smoothed linear power spectrum and the smoothing parameter are represented by
Psmooth and Σnl.
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Figure 7. Smoothing parameters Σ¯v at the linear and 1-loop level are plotted as the blue dashed and red
solid lines, respectively, in the range of redshifts 5 ≤ z ≤ 0.
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Figure 8. Top panel: BAO peak positions of r2ξlin, r
2ξBAOlin , r
2ξBAOv , r
2ξBAOnl , and r
2ξnl are plotted as the
black solid, black dashed, blue dashed, red dashed, and red solid lines, respectively, in the range of redshifts
5.0 ≤ z ≤ 0. Bottom panel: Same as the top panel, where the BAO peak positions of ξlin, ξ
BAO
lin , ξ
BAO
v , ξ
BAO
nl ,
and ξnl are plotted.
First, we focus on the linear correlation function r2ξlin whose BAO peak is at ∼ 106.4 Mpc/h.
(see the black solid line in the top panel of Figure 8). By decomposing into the gravitational collapse
effect r2ξnwlin and the BAO effect r
2ξBAOlin (eq. (6.2)), the linear BAO peak function r
2ξBAOlin has its
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peak at ∼ 107.1 Mpc/h (see the black solid line in the left panel of Figure 6 and the black dashed
line in the top panel of Figure 8). In other words, the linear gravitational collapse shifts the linear
BAO peak position of r2ξBAOlin to small scales. In the linear theory, this shift of the BAO peak does
not depend on redshifts. Next, the large-scale velocity field effect shifts the BAO peak to large scales.
This feature is expressed by the function I [eq. (6.5)] and ξBAOv [eq. (6.4)] (see the blue line in the left
panel of Figure 6 and the blue dashed line in the top panel of Figure 8). We can roughly estimate
this BAO peak shift caused by the large-scale velocity field as follows. Since in the black line in the
left panel of Figure 6 the function r2ξBAOlin is very peaked around its peak position rs ∼ 107.1 Mpc/h,
we assume that r2ξBAOlin is proportional to δD(r − rs). Then, the spread BAO peak function by the
large scale velocity field becomes
r2ξBAOv (z, r) ∝
1√
2piΣ¯2v(z)
r
rs
{
exp
[
−
(r − rs)
2
2Σ¯2v(z)
]
− exp
[
−
(r + rs)
2
2Σ¯2v(z)
]}
,
∼
1√
2piΣ¯2v(z)
r
rs
exp
[
−
(r − rs)
2
2Σ¯2v(z)
]
, (6.6)
where the second term in the first line is negligibly small when rs ≫ 1. By solving the following
equation
∂
∂r
(
r2ξBAOv (z, r)
)
= 0, (6.7)
we have the shifted BAO peak position as
rBAOv =
rs
2
+
√
r2s + 4Σ¯
2
v(z)
2
,
∼ rs +
Σ¯2v(z)
rs
, (6.8)
where we used Σ¯2v/r
2
s ≪ 1. Thus, the change of the BAO peak position caused by the large-scale
velocity field is estimated using the large-scale velocity dispersion Σ¯v as Σ¯
2
v/rs. Third, the gravitational
effect restrict the movement of dark matter particles, slightly increasing the height of the spread BAO
peak by the large-scale velocity field and shifting the BAO peak position to small scales (see the red
line in the left panel of Figure 6 and the red dashed line in the top panel of Figure 8). Finally, adding
the non-linear gravitational collapse effect ξnwnl the BAO peak position further shifts to small scales
(see the red solid line in the top panel of Figure 8). Because of the cancellation of the large-scale
velocity field effect and the gravitational effect, the final value of the BAO peak shift becomes small
and is less than 1 Mpc/h. Also for the correlation function ξ, the same analysis can be done (see the
bottom panel in Figure 8).
7 Conclusion
We showed that it is possible to describe the matter perturbation as a global coordinate transfor-
mation from the long-wavelength displacement vector acting on the short-wavelength matter density
perturbation. This feature allows to understand the well known cancellation of the SPT solution at
the high-k limit. The high-k limit contributions in SPT are dominant in each correction term at the
1- and 2-loop orders, such as P13, P22, P33a, P33b, P24, and P15, even though their high-k solutions
completely cancel out in the total correction terms at the 1- and 2-loop orders. Some of the recently
proposed improved perturbation theories, such as RegPT and LRT, have correction terms which do
not guarantee the cancellation in their expansion approach. Because of this, they both tend to predict
the power spectrum amplitudes that are smaller than SPT. This implies that SPT still predicts the
non-linear power spectrum accurately.
As an example of the model for going beyond SPT, we presented the model of the non-linear
power spectrum which is based on the SPT 2-loop solution, but more accurately captures the effect
of short-wavelength modes and large scale motions on the BAO peak position and shape. From
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this model, we have the intuitive behavior of BAO in the correlation function. We showed that the
non-linear evolution of the BAO peak in the correlation function mainly has two effects. First, the
height of the BAO peak is spread by the large-scale velocity field (the long-wavelength displacement
vector). Second, the gravitational effect restricts the movement of dark matter particles, slightly
suppressing this spreading of the BAO peak. The non-linear evolution of the amplitude of the dark
matter perturbation does not have an significant influence on the non-linear BAO evolution. Our
model motivates the template model used to constrain the cosmological parameters from the BAO
feature in [50–53], and correctly predicts the smoothing parameter by including the 1-loop velocity
dispersion: Σ¯v ∼ 7.7 Mpc/h at z = 0.35. Using our model we estimated the value of the BAO peak
shift in Figure 8, and showed that the BAO peak shift is less than 1 Mpc/h in the range of redshifts
5.0 ≤ z ≤ 0. The reason why the BAO peak shift caused by the non-linear evolution is small is because
of the cancellation between the large-scale velocity field effect and the gravitational effect. That is,
while the large-scale velocity field shifts the BAO peak to large scales, the gravitational effect shifts
it to small scales. Finally, we note that it might be useful for BAO peak analyses to use r2ξ − r2ξnwlin
whose shift of the BAO peak is more visible than r2ξ, where we do not need to consider the non-linear
gravitational collapse r2ξnwnl because around the BAO peak position the gravitational effect is well
represented by the linear theory (see the black and red dashed lines in the left panel of Figure 6).
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A Definition of the 1- and 2-loop correction terms in SPT
The definitions of the 1- and 2-loop correction terms are given as follows:
P1-loop(k) ≡ P22(k) + P13(k),
P2-loop(k) ≡ P15(k) + P24(k) + P33a(k) + P33b(k), (A.1)
where
P13(k) ≡ 6Plin(k)
∫
d3p
(2pi)3
F3(k,p,−p)Plin(p),
P22(k) ≡ 2
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δD(k− k[1,2]) [F2(k1,k2)]
2 Plin(k1)Plin(k2), (A.2)
and
P15(k) ≡ 30Plin(k)
∫
d3p1
(2pi)3
d3p2
(2pi)3
F5(k,p1,−p1,p2,−p2)Plin(p1)Plin(p2),
P33a(k) ≡
(P13(k))
2
4Plin(k)
,
P24(k) ≡ 24
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3p
(2pi)3
(2pi)3δD(k− k[1,2])F2(k1,k2)F4(k1,k2,p,−p)Plin(p)Plin(k1)Plin(k2),
P33b(k) ≡ 6
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
(2pi)3δD(k− k[1,3]) [F3(k1,k2,k3)]
2
Plin(k1)Plin(k2)Plin(k3). (A.3)
Furthermore, a partial correction term at the 3-loop level in SPT P44a is defined as
P44a(k) ≡ 72
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3p1
(2pi)3
d3p2
(2pi)3
(2pi)3δD(k− k[1,2])
×F4(k1,k2,p1,−p1)F4 (k1,k2,p2,−p2)Plin(k1)Plin(k2)Plin(p1)Plin(p2). (A.4)
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B Kernel functions of the Lagrangian perturbation theory
We summarize the definition of the kernel function L in the Largangian perturbation theory and the
non-linear velocity dispersions σ2v,1-loop.
The displacement vector is described as
Ψ(z,k) = i
∞∑
n=1
Dn
n!
∫
d3p1
(2pi)3
· · ·
d3pn
(2pi)3
(2pi)3δD(k − p[1,n])Ln(p1, . . . ,pn)δlin(p1) · · · δlin(pn). (B.1)
Similarly, the very long-wavelength displacement vector Ψ¯(L)(z) is expanded as
Ψ¯(L)(z) ≡ i
∞∑
n=1
Dn
n!
∫
d3p1
(2pi)3
· · ·
d3pn
(2pi)3
Ln(p1, . . . ,pn)δlin(p1) · · · δlin(pn). (B.2)
The kernel functions at up to the third order are given by [54]
L1(p) =
p
p2
,
L2(p1,p2) =
3
7
p[1,2]
|p[1,2]|2
(
1−
(p1 · p2)
2
p21p
2
2
)
,
L3(p1,p2,p3) =
{
5
21
p[1,3]
|p[1,3]|2
(
1−
(p1 · p2)
2
p21p
2
2
)(
1−
(p3 · (p1 + p2))
2
p23|p1 + p2|
2
)
+ 2 perms.
}
−
1
3
p[1,3]
|p[1,3]|2
(
1−
(p1 · p2)
2
p21p
2
2
−
(p1 · p3)
2
p21p
2
3
−
(p2 · p3)
2
p22p
2
3
+ 2
(p1 · p2)(p2 · p3)(p1 · p3)
p21p
2
2p
2
3
)
+
{
1
7
p[1,2](p[1,3] · p3)− p3(p[1,3] · p[1,2])
|p[1,3]|2
(
p3 · p[1,2]
p23|p[1,2]|
2
)(
1−
(p1 · p2)
2
p21p
2
2
)
+ 2 perms
}
.
(B.3)
The non-linear velocity dispersions σ2v,22 and σ
2
v,13 are calculated as
k2σ2v,22 ≡ −
∫
d3p1
(2pi)3
∫
d3p2
(2pi)3
k · L2(p1,p2)k · L2(−p1,−p2)Plin(p1)Plin(p2)
=
(
3
7
)2 ∫
d3p1
(2pi)3
∫
d3p2
(2pi)3
(k · p[1,2])
2
|p[1,2]|4
(
1−
(p1 · p2)
2
p21p
2
2
)2
Plin(p1)Plin(p2)
=
1
3
(
3
7
)2 ∫
d3p1
(2pi)3
∫
d3p2
(2pi)3
k2
|p[1,2]|2
(
1−
(p1 · p2)
2
p21p
2
2
)2
Plin(p1)Plin(p2)
=
3k2
392 · 32pi4
∫
dp1
p31
dp2
p32
K(p1, p2)Plin(p1)Plin(p2),
(B.4)
k2σ2v,13 ≡ −2
∫
d3p1
(2pi)3
∫
d3p2
(2pi)3
k · L1(p1)k · L3(−p1,p2,−p2)Plin(p1)Plin(p2)
=
10
63
∫
d3p1
(2pi)3
∫
d3p2
(2pi)3
k2
p21
(
1−
(p1 · p2)
2
p21p
2
2
)(
p21p
2
2 − (p1 · p2)
2
|p1 − p2|2p22
+
p21p
2
2 − (p1 · p2)
2
|p1 + p2|2p22
)
Plin(p1)Plin(p2)
=
20
63
∫
d3p1
(2pi)3
∫
d3p2
(2pi)3
k2
|p1 + p2|2
(
1−
(p1 · p2)
2
p21p
2
2
)2
Plin(p1)Plin(p2)
=
5k2
126 · 32pi4
∫
dp1
p31
dp2
p32
K(p1, p2)Plin(p1)Plin(p2), (B.5)
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where
K(p1, p2) =
(
p21 − p
2
2
)4
ln
(
(p1 + p2)
2
(p1 − p2)2
)
−
4
3
p1p2(3p
6
1 − 11p
2
2p
4
1 − 11p
2
1p
4
2 + 3p
6
2). (B.6)
The 1-loop velocity dispersion is given by σ2v,1-loop ≡ σ
2
v,22 + σ
2
v,13.
C Smoothed high-k solutions
As shown in eq. (4.1), the high-k solution for P22 has the BAO behavior owing to the linear power
spectrum. However, the exact solution for P22 does not have the oscillation behavior because it is
computed by integrating the linear power spectrum. To modify this incorrect BAO behavior for P22,
we simply replace the linear power spectrum in the high-k solution for P22 with the no-wiggle linear
power spectrum as follows:
P22(k)→
(
k2σ2v,lin
2
)
P nwlin (k). (C.1)
This solution indeed behaves as the approximated solution of the exact P22 at least than the high-k
solution for P22 (see figure 2), and give the following approximated 1-loop solution
P1-loop(k)→ −
(
k2σ2v,lin
2
)
(Plin(k)− P
nw
lin (k)) . (C.2)
Similarly, we have the following no-wiggle high-k solution for P33b and P24,
P33b(k) →
(
k2σ2v,lin
2
)
P22(k)−
1
2
(
k2σ2v,lin
2
)2
P nwlin (k) +
(
k2σ2v,22
2
)
P nwlin (k),
P24(k) → −
(
k2σ2v,lin
2
)
P22(k), (C.3)
and these modified solutions have a more reasonable behavior as the approximation of the exact
P24 and P33b than the high-k solutions (see figure 2). When we use P22 → k
2σ2v,linP
nw
lin /2 and
P13 → −k
2σ2v,linPlin/2, we have
P33b(k) →
1
2
(
k2σ2v,lin
2
)2
P nwlin (k) +
(
k2σ2v,22
2
)
P nwlin (k),
P24(k) → −
(
k2σ2v,lin
2
)2
P nwlin (k) +
(
k2σ2v,13
2
)
P nwlin (k). (C.4)
Thus, these smoothed high-k solutions and the high-k solutions for P15 and P33a give the approximated
2-loop solution as follows:
P2-loop(k)→

1
2
(
k2σ2v,lin
2
)2
−
(
k2σ2v,1-loop
2
)
 (Plin(k)− P nwlin (k)) . (C.5)
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